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1. HISTORICAL INTRODUCTION 
In 1914, after previous efforts of Bernstein [l, 21, Ch. H. Miintz published 
an extension of the classical Weierstrass theorem concerning polynomial 
approximation. Miintz took polynomials with exponents belonging to a fixed, 
increasing sequence of real numbers 0 < A, < A, < .-., A, - cc, and he 
showed that the subspace of the space C[O, l] (all continuous functions on 
[0, 11) consisting of the polynomials 
is uniformly dense if and only if 
Since that time, different proofs have been given at least by Szasz [13] 
(cf. also Kaczmarz and Steinhaus [S, pp. 86-92]), Paley and Wiener [l 1, 
Chap. V], Hirschman and Widder [6], Schwartz [12] and Feller [4]. Of these, 
the simplest and most natural is that of Schwartz. It runs as follows: 
By duality, it suffices to assume 2 l/h” < co and to construct a nontrivial 
function F, holomorphic in the right halfplane, of the form 
F(s) = j: 444, Res>O, (3) 
which vanishes at all points s = A, , where p is a bounded measure on [0, I]. 
Such a function F can be defined by multiplying the Blaschke product in the 
right halfplane with zeros A, by a function dropping off at the extremities of 
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the imaginary axis and at infinity in the right halfplane. Inversion of a Fourier- 
Laplace integral then yields an absolutely continuous dp such that (3) holds. 
On the other hand, there is also the problem of characterizing those func- 
tions that can be approximated by polynomials of the form (1) in the case 
when 
(4) 
This question has been answered by Clarkson and Erd& [3] and by Schwartz 
[12, Sections 7 and 8, pp. 37-531. Clarkson and Erd& showed that each 
function that is approximable under hypothesis (4) with the A, positive 
integers has an analytic extension to the open unit disc. Schwartz studied the 
general case with A, real, not necessarily integers, by going over to Dirichlet 
series and in fact obtained a necessary and sufficient condition [12, p. 491, 
involving grouping of terms. 
2. CERTAIN SEQUENCES OF COMPLEX EXPONENTS 
For the purposes of the present note, we also make the change of variable 
x = e-t and consider the linear space of Dirichlet polynomials of the form 
c c,eeAvs, Re s > 0, 
with exponents A, belonging to a fixed complex sequence A = (A,} satisfying 
the following conditions: 
A is contained in an angle / arg s 1 < 4 < +; (5) 
CL<63; 
A Re4 
(see Footnote 1) 
A is separated in the sense that 
where the infimum standing immediately before the product sign is taken 
over all finite sets S of integers not including m. We take the sequence A to be 
enumerated so that Re A, < Re h,+l for all V. 
For real A, the condition (7) defines Hadamard gaps, inf(h,+,/A,) > 1. 
1 Under the conditions (5) and (6) the infinite product n [(s - &)/(s + X,)] is con- 
vergent in the right half plane Re z > 0, uniformly in each angle 1 arg z 1 < a < r/2. 
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THEOREM. If a function f is the uniform limit on [0, 001 of a sequence of 
Dirichlet polynomials with exponents belonging to a sequence A of the type 
specified, then f has an analytic extension to the angle 
I arg s i < q’, 
dual to (5), given by a Dirichlet series 
q’ zz 5 -- q, 
f(s) = 1 c,e+‘, 1 arg s < q’, (8) 
with 
I cv I 
“‘tP / < a. (9) 
The series (8) converges uniformly in each smaller region I arg s 1 < q’ -. E, 
: s 1 2 E, E > 0. 
A similar result holds for convergence in Lp, 1 < p < co, as the proof will 
show. 
For real h, with Hadamard gaps we have the following result: A function f 
is uniform limit on [0, 001 of a sequence of Dirichlet polynomials with exponents 
satisfying a Hadamard gap condition if and only if f has an analytic extension to 
the half-plane Re s > 0 given by a Dirichlet series (8) with sup, / a, 1 < X. 
The necessity follows from Ingham [7] and the sufficiency from a known 
Tauberian theorem, first proved by Ananda Rau [5]. However, the real- 
variable technique used by Ingham does not apply if the exponents are com- 
plex. 
If only (6) is assumed for real X, , then the boundedness of the coefficients 
is not guaranteed, cf. [3]. 
3. A FUNDAMENTAL INEQUALITY 
From now on to the end of Section 5, we assume that the sequence fl 
satisfies the conditions (5)-(7). Th e p roof is based upon an inequality which 
expresses the continuity of the identity map of the space of Dirichlet series 
uniformly convergent on [0, cc], 
Q(t) = C a,e+‘t, 
under the norm 
n 
pJ 
YP I A” / (10) 
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into the same space under the norm 
that is, upon the inequality 
(11) 
(12) 
where C’ is a constant independent of the function Q. 
The proof of this inequality occurs at the beginning of Section 5. 
4. IDEA OF PROOF 
For suitable functions 01 we shall consider the linear forms 
defined for Dirichlet polynomials Q. These forms can be written as 
s r Q(t) 4  dt = c aJ(4J, (13) 
where A denotes the Laplace integral 
A(X) = 1,” e-A”a(~) du. (14) 
Take any large fixed n. We shall choose functions a such that A(s), defined 
by (14), is of the form 
4) = @(s) %(4, (15) 
where O(s) is the Laplace transform of some function q to be chosen later, 
1 < m < n, and 
With this choice of 01, Eq. (13) can be written 
a#&J &&J = s,” Q(t) 4) & (16) 
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provided that 
Q(t) = i u”e-Ac 
v=l 
Relation (16) plays the role of Euler’s formulas for the coefficients of a 
Fourier series. 
We require an upper bound for the right-hand side of (16) and a lower 
bound for the coefficient of a, appearing on the left. Such bounds can be 
obtained by choosing 
p)(t) = eeAmt. (17) 
5. CONCLUSION OF PROOF 
With v defined by (17), we get 
which when substituted into (15) yields 
A(s) = +$- , 
m 
which is easily seen to have the partial fraction decomposition 
Taking the inverse Laplace transform of the last expression, we see that 
dt) = 2& + il (A, - :;IB,‘(h,) ’ 
k#m 
and this is the function which must be used in (15) if p)(t) is given by (17). 
Now our separation hypothesis (7) says that 
and 
I #k,m 
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Substituting the above formula for a(t) into (15)) and remembering that 
we find, using these last inequalities, that 
In view of condition (5) and the fact that 
we obtain the bound 
4/L/ m 1 
+ C3 cos q k=l Re A, ---a---- sup I Q(t)1 7 
which proves that 
““, j# < C’ sup I Q(t)1 , (18) 
m f 
where Q(t) is any Dirichlet polynomial of degree at most n. The constant C’, 
however, depends only on the sequence A and not on 1z, so that (18) is valid 
for arbitrary Dirichlet polynomials and hence for any Dirichlet series, 
Q(t) = c qve+, 
Y 
uniformly convergent on [0, Co]. 
Using (18), it is easy to conclude the proof of the theorem. Thus suppose 
the function f defined on [0, co] satisfies 
lim sup 
n*m mat>0 
f(t) - C aF)epAYt = 0 
Y 
for a sequence of Dirichlet polynomials with exponents belonging to A. Then 
it follows from (18), first, that each sequence of coefficients (a:)} n = 1, 2,... 
converges to a limit, 
if a?) = a, , Vv, 
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such that 
s;p&<m. 
Next, the sequence of Dirichlet polynomials 
c aF)e-y n = 1, 2 )...) 
” 
must converge uniformly in each angle 
/ arg s 1 < q’ - E, 1 s / 3 E, q’ 1 + - q, E > 0, 
to the holomorphic function given there by the Dirichlet series 
; ave--h,s. 
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(19) 
(20) 
To see this, observe that the absolute value of the difference of (19) and (20) 
is majorised by 
and that 
(21) 
is uniformly convergent for j arg s j < q’ - E, ’ s j 3 E for each E > 0, 
E < q’. 
Indeed, if / arg s 1 < q’ - E, then Re(X,s) > / A, 1 1 s / sin 6, and we have 
the inequality 
4 
xe-x < __ 
e2x ’ 
valid for x > 0. Hence 
c , /\“e-&A , < c 1 A, , e--jmsinf 
v ” 
< 
4 
-g Ih,~~d~sint’ 
const 
e2 1 s j sin E jsj2sin2~’ 
proving that (21) converges in the manner asserted. 
Thus we have the required analytic continuation, completing the proof. 
Remark. Consider a sequence A of the form 
4 = 1 + irl” 3 Y = 0, f I,..., (22) 
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where {qv> is real Hadamard sequence. This sequence (22) satisfies the separa- 
tion (7). The representation (8) for s = t real is just e+ multiplied by a 
lacunary Fourier series. Since f is continuous, this series is necessarily uni- 
formly convergent and does represent f (See [14, Chapter VI, Section 6.11). 
This is an example of a kind of “boundary point,” where the conclusion of the 
theorem remains valid. 
6. COMPLETENESS OF SPACES OF DISCRETE MEASURES 
It might be of interest to give a slight variation of what has been proved. Let 
M denote the linear space of complex measures p supported by the sequence 
A such that 
p({U = (I, 
is uniformly convergent on [E, co] for each t > 0. Consider the projective 
limit topology 3’ defined in M by the norms 
We then have the following 
COROLLARY. The topological inear space M, Y of measures supported by A 
is complete. 
Let {p(“)} be a Cauchy sequence in M and let E be positive. Then we 
have that 
sup Ix 
(p - (p 
m>t>r ” 
) epAYt 1 = ,s.go \ 1 (a?) - ~2~~)) eCAvfe--Avt 1 
Y 
tends to 0 as n and m tend to co. Inequality (18) implies that each sequence 
(4 --rA, ( a, e 
1 A” I 
n = 1, 2,... 
is a Cauchy sequence of numbers. Hence 
lim a?’ = a, n+m 
exists for each Y and 
(23) 
a e-4 
sup Y I 1 
y <w; 
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of course the latter bound increases to 00 in general as E - 0. Consider the 
measure ~1 defined by &&}) = a, , Vu. We claim that p is the limit of the 
sequence p(n) in M, 9. For suppose 7 > 0 is given. We have 
The sum occurring in the last member can be estimated by the method 
used at the end of Section 5. We see that there exists N,,, such that the pre- 
ceding bound is at most 77/2 for 2~ < t < co if only N > N,,, . Take 
N = N,,$ . Then (23) implies that there exists n-n.< such that 
Hence, if n > n,,, , we have 
Ii P - P hE < 7. 
Since this is true for each 6 > 0, the corollary is proved. 
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